Advanced Math – Unit 5 – Trigonometric Functions


Comprehensive Curriculum

Concept Correlation

Unit 5: Trigonometric Functions

Time Frame:  Regular – 3.5 weeks

    Block – 2 weeks
	Big Picture: (Taken from Unit Description and Student Understanding)
· Angles are introduced as defined by trigonometry.
· Angles are measured using degree and radian measures and radian measures are used to model real-life problems.
· Evaluate trig functions of any angle
· The unit circle is used to define the sine and cosine functions and their graphs.
· The periodic function is studied and used to help evaluate the trigonometric functions.
· Recognize the graphs of sine and cosine and translate them in the coordinate system.
· Reference angles for any angle are evaluated in both degrees and radians.
· Use functions to model and solve real-life problems

	Guiding Questions
	Activities

The essential activities are denoted by an asterisk.
	GLEs
	DOCUMENTATION                       

Documented GLEs

GLES 

Bloom’s Level

GLES

Date and Method of Assessment

Analyze functions based on zeros, asymptotes, and local and global characteristics for the function (A-3-H) (Application/Analysis/Synthesis)
6

Explain the unit circle basis for radian measure and show its relationship to degree measure of angles (M-1-H) (Comprehension)
12

Identify and apply the unit circle definition to trigonometric functions and use this definition to solve real-life problems (Application)
13

Represent translations, reflections, rotations, and dilations of plane figures using sketches, coordinates, vectors and matrices (G-3-H) (Comprehension/Application)
16

Model a given set of real-life data with a non-linear function (P-1-H) (P-5-H) (Synthesis)
24

Represent and solve problems involving the translation of functions in the coordinate plane (P-4-H) (Synthesis)
28

Reflections


	Concept 1:  

42. Can students describe an angle and convert between degree and radian measure?

43. Can students use angles to model and solve real-life problems involving arc length, areas of sectors, linear speed, and angular speed?

44. Can students identify the unit circle and its relationship to real numbers?

45. Can students evaluate the trigonometric functions of sine and cosine using the unit circle?

46. Can students use reference angles to evaluate trigonometric functions?

47. Can students use trigonometric functions to model and solve real-life problems?

48. Can students use the unit circle to graph the sine and cosine functions identifying their domains and ranges?

49. Can students identify the other four trig functions from the fundamental identities?

50. Can students use amplitude, period, phase shift, and vertical displacement to sketch the graphs of sine and cosine?  Can they use the same information to write their equations?
	*33- Angles in Trig(GQ 42)

*34- Arcs and Sectors (GQ 43)

*35- The Unit Circle (GQ 44,45)

*36-The Sine & Cosine Functions and Their Graphs (GQ 48)

*37 – Computing the Values of Trigonometric Functions of General Angles (GQ 45,46,49)


	11, 12

11,12,13

4,8,12,13

4,6,8,11,12,13,25

11,12
	

	
	*38- The Family of Functions – Sine and Cosine (GQ 50)

*39- Solving Real-life Problems Using the Trigonometric Functions (GQ 47)
	4,6,8,12,16,24,25,28

4,6,8,13,24,25,28
	

	
	*40- Adding the Sine & Cosine Functions to the Library of Functions


	4,6,8,12,13,25,28


	


 Unit 5 –  Concept:  Trigonometric Functions

GLEs

*Bolded GLEs are assessed in this unit

	4
	Translate and show the relationships among non-linear graphs, related tables of values, and algebraic symbolic representations (A-1-H)(Comprehension)

	6
	Analyze functions based on zeros, asymptotes, and local and global characteristics for the function (A-3-H) (Application/Analysis/Synthesis)

	8
	Categorize non-linear graphs and their equations as quadratic, cubic, exponential, logarithmic, step function, rational, trigonometric, or absolute value (A-3-H) (P-5-H) (Synthesis)

	12
	Explain the unit circle basis for radian measure and show its relationship to degree measure of angles. (M-1-H)(Comprehension)

	13
	Identify and apply the unit circle definition to trigonometric functions and use this definition to solve real-life problems  (M-4-H)(Application/Comprehension)

	16
	Represent translations, reflections, rotation, and dilations of plane figures using sketches, coordinates, vectors, and matrices (G-3-H) (Analysis/Synthesis)

	24
	Model a given set of real-life data with a non-linear function (P-1-H) (P-5-H) (Synthesis)

	25
	Apply the concept of a function and function notation to represent and evaluate functions (P-1-H) (P-5-H) (Application/Analysis/Synthesis))

	28
	Represent and solve problems involving the translation of functions in the coordinate plane (P-4-H) (Synthesis)


	Purpose/Guiding Questions:

· Describe an angle and convert between degree and radian measure

· Use reference angles to evaluate trig functions 

· Use angles to model and solve real life problems involving arc length, area of sectors, linear speed, and angular speed

· Evaluate the trig functions sine and cosine using the unit circle

· Use trig functions to model and solve real-life problems

· Use unit circle to graph sine & cosine functions and identify their domains and ranges

· Identify the other 4 trig functions from the fundamental identities

· Use amplitude, period, phase, and vertical displacement to sketch graphs of sine & cosine; use same information to write their equations


	Key Concepts and Vocabulary:

· Radian

· Initial/Terminal side of an angle

· Positive/Negative angles

· Coterminal angles

· Reference angles 

· Central angles

· Arc

· Linear/Angular speed

· Unit circle

· Periodic functions

· Fundamental period

· Amplitude, phase shift

· Convert decimal degrees to degrees, minutes, seconds and vice versa

· Develop the six trig ratios

· Evaluate the six trig functions using the unit circle

· Determine the sign of a trig function in a given quadrant

· Use coterminal angles to find the exact value of a trig function

· Find the exact value of a trig function of an angle given one of the ratios and the quadrant in which the angle is located

	Assessment Ideas:

· One or more writing assessments should be assigned for the unit. Students have added to their notebook glossaries throughout this unit.  They have also had a short writing assignment with many of their activities.  Therefore, one of the assessments should cover this material.  Look for understanding of how the term or concept is used.  

This unit introduced radians as a measure. Therefore a good question for the students would be: For what types of real-life problems should the angle measure be in radians rather than degrees?  Justify your answer. A possible answer would be: Since radian measure is measuring the length of an arc, it is best used for time or distance problems. In most real-life situations, the independent variable of a periodic function involves time or distance. Angles are rarely mentioned.

· One of the favorite methods of review is a weekly “spiral”, a handout of 10 or so problems covering work previously taught in the course. Tie them to the study guide for a unit test or a midterm exam. Students should complete at least three “spirals” during this unit. The General Assessments Spiral BLM for this unit contains some problems that review algebra, and others that cover the trigonometric ratios introduced in geometry and reviewed in Unit 4 of this course. Another “spiral” should cover finding coterminal angles and reference angles.  

· Students should also engage in a group activity that will be assessed. Assign each group a real-life situation that can be modeled by a periodic function. (One such activity is given.) See the list in Activity 7 for other suggestions.  Students are responsible for finding the data and presenting their findings to the class.  

      The presentation should include

1.  The estimated amplitude, period, phase shift, and vertical translation.

2.  An algebraic representation that models the data.

3.  Predictions based on the function found in #2. 

The scoring rubric should include

· teacher observation of group interaction and work

· explanation of each group’s problem to class 

                  work handed in by each member of the group

· Weekly spirals reviewing previously learned concepts

· Teacher made assessment including constructed response

· Teacher made assessment including questions which look for understanding in terms or concepts with verbs such as show, describe, justify, or compare and contrast.

· Teacher made assessment including application of concepts to real life situations

Activity-Specific Assessments:  Activity 33,35,40



	Resources:

·  Glencoe 5.1, 5.3, 6.1- 6.5

	Materials Needed:

· Template/sample for unit circle;  Scientific/graphing calculator


Ongoing: The Glossary 

Materials List: index cards 3 x 5 or 5 x 7, What Do You Know About Trigonometric Functions? BLM, pencil, pen

Students continue the glossary activity in this unit.  They will repeat the two methods used in units1 through 4 to help them understand the vocabulary for Unit 5. Begin by having each student complete a self-assessment of his/her knowledge of the terms, using a modified vocabulary self awareness chart (view literacy strategy descriptions), What Do You Know About Trigonometric Functions? BLM. Most or all of the terms will be unfamiliar to the student at this point. Do not give the students definitions or examples at this stage. Ask the students to rate their understanding of each term with a “+” (understand well), a “?” (limited understanding or unsure) or a “–“(don’t know). Over the course of the unit students are to return to the chart, add information or examples, and re-evaluate their understanding of the terms or concepts. 

Students should continue to add to their vocabulary cards (view literacy strategy descriptions) introduced in Unit 1.  Make sure that the students are staying current with their cards. Time should be given at the beginning of each activity for students to bring them up to date. 
Words to add: radian, initial side of an angle, terminal side of an angle, positive angles, negative angles, coterminal angles, quadrantal angles,  reference angles, central angles, arc, linear speed, angular speed, unit circle, periodic functions, fundamental period, amplitude, phase shift, sinusoidal axis

Activity 33: Angles in Trigonometry (GLEs: 11, 12)

Materials List: Angles and Their Measure BLM, pencil, calculator

Vocabulary to cover in this activity: radian, initial side of an angle, terminal side of an angle, positive angles, negative angles, coterminal angles, quadrantal angles 

Up to this point students have measured angles in degrees 0 ≤ ( < 180o.  This activity introduces students to angles as they are defined in trigonometry. In preparation for the activity cover

· the initial sides and terminal sides of an angle

· angle in standard position (students were introduced to this in the vector sections in Unit 4)

· angle size

· the definition of positive and negative angles

· definition of radian measure

· conversion from radian to degree measure and degree measure to radian measure

· coterminal angles

· quadrantal angles

Fill out the vocabulary cards and look at examples of each one. A modified word grid (view literacy strategy descriptions) will be utilized to help students understand the concepts and definitions listed above.  Hand out the Angles and Their Measure BLMs. Let the class work as partners or in groups.
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Activity 34: Arcs and Sectors (GLEs: Grade 10: 13; Grade 11/12: 11, 12) 

Materials List: Arcs, Sectors, Linear and Angular Speed BLM, pencil, calculator

Vocabulary to cover in this activity: central angles, arcs, angular speed, linear speed

The problems on the Sectors, Arcs, Linear and Angular Speed BLM review the concept of central angles and the arcs they intercept, while introducing the idea of radian measure of an arc. Students learned how to find the lengths of arcs in Geometry using the formula: 

                   Length of the arc = 
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where 2πr represents the circumference of the circle and x represents the length of the arc. Use this to show the students that the length of an arc is just the product of an angle measured in radians and the radius of the circle.  Advanced Math textbooks give the formula as 
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where s is the length of the arc and 
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 is the angle measured in radians. 

Students also learn that the angular speed of a point on a rotating object is the number of degrees, radians, or revolutions per unit time through which the point turns. The formula for the angular speed of that point is: 
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Linear speed of a point is the distance per unit time that the point travels on its circular path. The linear speed of that point is: 


[image: image5.emf]Linear spe


ed 


=


 


arc length


time


=


s


t




Linear speed  =  

arc length

time



s

t


A point P moving with constant speed around a circle of radius r is called uniform circular motion. 

Example 1: A particle moves with angular speed of 8 radians per second around a circle with a radius of 6 cm. Find the linear speed in cm/sec. 

The central angle is 8 radians. The radius of the circle is 6 cm. Therefore, the linear speed is 48 cm/sec.

Example 2: A pulley of radius 4 inches is turning at 8 revolutions per second. Find the angular speed in radians per second. What is the linear speed of the rim of the pulley? 

One revolution is 
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so 8 revolutions is 
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radians. The angular speed is 
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radians per second or approximately 50.3 radians/sec. The linear speed of the rim of the pulley is approximately 201 inches/sec.   

Students should complete Sectors, Arcs, Linear and Angular Speed BLM as a class exercise. They should be used as a group exercise.

Activity 35: The Unit Circle (GLEs: 4, 8, 12, 13)  

Materials List: a large circle superimposed on a coordinate system, Directions for Constructing the Unit Circle BLM, calculator, graph paper, pencil, A Completed Unit Circle BLM 

Vocabulary to be covered in this activity: unit circle, fundamental periods of sine and cosine 

Part I

Each student should have an accurate unit circle to keep in his or her notebook.  Unit circles can be downloaded from the Internet.  There are also several excellent interactive sites should the classroom have the needed equipment. However it is to the students’ advantage to construct their own. There should be one in the classroom so that the students can see how the completed circle should look. See A Completed Unit Circle BLM.
Give each student a large circle superimposed on a coordinate system and Directions for Constructing the Unit Circle BLM. Have each student

1. Label the coordinates (1, 0), (0, 1), (-1, 0) and (0, -1) where the circle intersects the coordinate system.

2. Divide the circle into 8 equal arcs.  Mark each with the length of the arc, corresponding to values of 
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3. Find the coordinates of each of those endpoints using the 45o-45o-90o right triangle. Exact values should be put on the circle.

4. Divide the circle into 12 equal arcs corresponding to values of 
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5. Find the coordinates of each of those endpoints using the 30o-60o-90o right triangle. Exact values should be put on the circle.

This can also be a group activity with groups finding the multiples of 
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 radians and then sharing their findings with the rest of the class. It is helpful for students to see one already made as they construct theirs.

Part II

Once students have completed the unit circle, define the coordinates (x, y) of each point on the circle in terms of
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Let 
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 be a real number and let (x, y) be a point on the circle 

corresponding to
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, then sin
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 = y and cos
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The four remaining trigonometric functions can also be defined:
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Students should use their unit circles and calculators to find other points on the circle. Ask the following questions:

1. What are the endpoints of an arc on this circle that is 2.5 radians in length?


cos(2.5), sin(2.5) ≈ (-.80, .60)

2. What are the endpoints of an arc on this circle that is 4 radians in length? 


cos(4), sin(4) ≈ (-.65, -.76)

3. The coordinates of a point on the unit circle are (.96, .28). Locate this point on your circle and find the length of the arc from (1, 0) to this point, going in the counterclockwise direction.  
     

 ≈ .28 radians

4. The coordinates of a point on the unit circle are (.28, -.96). Locate this point on the unit circle and find the length of the arc moving counterclockwise from (1, 0) to the point. 

≈ 5 radians

Note: Problem #4 is a good problem to show that sin-1(-.96) will give a negative angle. Students must add 2π to obtain the angle moving counterclockwise. 



Activity 36: The Sine and Cosine Functions and Their Graphs (GLEs: 4, 6, 8, 11, 12, 13, 25)

Materials List: graph paper, pencil, graphing calculator

Part I

Graphing the Sine and Cosine Functions

Students begin by setting up a table of values for the sine and cosine functions using the unit circle values.  Calculators will help in evaluating the radical expressions. Students should use graph paper to construct graphs of the two functions f(θ) = cos (θ) and

 f(θ) = sin(θ) from the table of values.  The horizontal axis is labeled θ and the vertical axis is labeled cos(θ) or sin(θ).  The 16 points should be located on the graph and a smooth curve drawn through them.  Have the students identify the five key points on the graph: the intercepts, the maximum point, and the minimum point. This is a good time to point out that with the graph of the sine function, the intercepts are found at the beginning, middle and end of the period. The maximum point is ¼ of the way through the period and the minimum point is ¾ of the way through the period. With the cosine function the maximum points are at the beginning and end of the period, the minimum point is halfway through the period, and the intercepts are found one-fourth and three-fourths of the way through the period.

They should also note that the points found with the calculator in Part II of Activity 4 lie on the curves they have drawn. The following site does an excellent job showing students the connection between the unit circle and the sine and cosine functions.

Trigonometry Aplet:  http://www.wou.edu/~burtonl/trig.html  
Part II

Using the Graphing Calculator

Once students have completed the unit circle activity it is time to look at the graphs of sine and cosine on a graphing calculator.  To illustrate the periodic nature of the sine and cosine functions and to compare their common features, have students set MODE to Radian and graph two fundamental periods using the following window:
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In TABLE SETUP have ΔTbl move π/12 units.  
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This will reinforce the unit circle values. By comparing the table values taken from the unit circle with the table values given by the calculator, the students should see that π/12 covers each of the arcs placed on their unit circles.  Use the table feature of the graphing calculator to reinforce the fundamental periods of sine and cosine. Identify the intercepts, maximum points, and minimum points. Students should see that the complete graph of both functions can be drawn in 2π units. By looking at the graphs of sine and cosine, students can visualize what the term periodic function means.

Activity 37: Computing the Values of Trigonometric Functions of General Angles (GLEs: 11, 12)  

Materials List: Computing the Values of Trigonometric Functions of General Angles BLM, pencil

Vocabulary to cover: reference angles

Begin by defining the trigonometric functions of any angle. Let 
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 be an angle in standard position with (x, y), a point on the terminal side of 
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This activity will utilize a modified word grid (view literacy strategy descriptions) to give students practice in 

· finding exact values of the trigonometric functions for general angles 

· using coterminal angles to find the exact value of a trigonometric function

· being able to determine the sign of a trigonometric function in a given quadrant

· finding the reference angle of a general angle

· finding the exact value of a trigonometric function of an angle given one of the ratios and the quadrant in which the angle is located

Review the vocabulary introduced in Activity 1 before handing out the Computing the Values of Trigonometric Functions of General Angles BLMs. Use these for individual class work or homework. After the grid is filled in, students may work with partners to quiz each other over the content in preparation for tests and other class activity.
Activity 38:  The Family of Functions - Sine and Cosine (GLEs: 4, 6, 8, 12, 16, 24, 25, 28)   
Materials List: The Family of Functions - Sine and Cosine Part I BLM, The Family of Functions-Sine and Cosine Part II BLM, pencil, graphing calculator

Vocabulary to cover: amplitude, period, phase shift, sinusoidal axis

In this activity, students will study the families of the sine function, f(x) = sinx, and the cosine function, f(x) = cosx. Students have been exposed to the vertical and horizontal stretches (dilations) as well as the vertical and horizontal translations in the families that they have studied so far. With periodic functions, they will learn a new vocabulary in describing the dilations and translations of each parent function. Do not offer any explanations of the vocabulary or review of translations and dilations until students have completed The Family of Functions - Sine and Cosine Part I BLMs. 

In Part One, the students will begin with a SPAWN (view literacy strategy descriptions) writing prompt. SPAWN is an acronym that stands for five categories of writing prompts: Special Powers, Problem Solving, Alternative Viewpoints, What If, and Next. Students will answer a “next” writing prompt.  In looking at the family of sinusoidal functions 
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, students will be asked to write in anticipation of what each of the values A, B, C, and D will do to change the graphs of the parent function. In their writing, students should explain the logic of what they think will happen when the value is used. Hand out The Family of Functions - Sine and Cosine Part I BLM

Once the students have finished their writings, discuss with them what they anticipate the values of A, B, C, and D will do to the graph. Examples using the graphing calculator can illustrate the changes. Go over the vocabulary used in conjunction with each change. A table such as the one below helps students organize the needed information for the sine or cosine functions.

	                  Method I
	                  Method II

	         f(x) = AsinB(x - C) + D
	          f(x) = Asin(Bx - C) + D

	The amplitude is |A|. This causes a vertical stretch or shrink. The amplitude is ½ the distance between the maximum and minimum values. 
	The amplitude is |A|. This causes a vertical stretch or shrink. The amplitude is ½ the distance between the maximum and minimum values.

	B causes a horizontal stretch or shrink. The period of the function is
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	B causes a horizontal stretch or shrink. The period of the function is 
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	The phase shift is C. C causes a horizontal translation of the graph. The phase shift is to the left if C < 0; to the right if C > 0.
	The phase shift is
[image: image29.emf]C
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. This causes a horizontal translation of the graph. The phase shift is to the left if C < 0; to the right if C > 0.

	The vertical translation is D. This causes the sinusoidal axis to be shifted D units. If D < 0 the axis shifts down. If D > 0 the axis shifts up.
	The vertical translation is D. This causes the sinusoidal axis to be shifted D units. If D < 0 the axis shifts down. If D > 0 the axis shifts up.


Example 1:

Find the amplitude and sinusoidal axis for
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. What is the range of the function?

The amplitude is |-2| = 2. The vertical translation is 3 units so the sinusoidal axis is now y = 3. The range is [1, 5].

Example 2:

Find the period and phase shift for 
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Use the formula 
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 to find the period. The period is 8π. The phase shift is
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. In this equation the phase shift is 4π units to the right. 
Example 3:

Find the amplitude, period, phase shift, and sinusoidal axis given the equation 
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What is the range of the function?

The amplitude is 3. The period is 
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 or 8. The phase shift is 
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 or 3. This gives a horizontal shift of 3 units to the left. The vertical shift is 1, so the sinusoidal axis is y = 1. The range is [-2, 4].

Hand out The Family of Functions - Sine and Cosine Part II BLMs. Allow students to work in their groups to complete the activities.  

Activity 39: Solving Real-life Problems Using the Trigonometric Functions (GLEs:  4, 6, 8, 13, 24, 25, 28)  

Materials List: Finding Daylight BLM, pencil, graph paper, calculator

There are a number of real-life situations that can be modeled by periodic functions.  A partial list is given below.

· tides (Tidal charts can be found at http://www.saltwatertides.com )

· satellites orbiting the earth

· amount of daylight throughout the year

· sunspots

· predator prey problems

· Ferris wheels or any object that rotates such as paddle wheels

· alternating current

· biorhythms

· monthly mean temperatures (Temperatures from1961-90 can be found at http://www.nrcc.cornell.edu/ccd/nrmavg.html for most major cities. There is another site at http://www.ncdc.noaa.gov/oa/climate/online/ccd/nrmavg.txt)
The Finding Daylight BLM will explore the amount of daylight throughout the year for cities at various latitudes. It is a group activity whereby each student within the group is given a different city. The site used to obtain the data is http://aa.usno.navy.mil/AA/data/docs/RS_OneYear.html#forma.

Additional groups of cities can be put together if there are more than four groups in the class. There are 22,000 locations in the website’s database. Students will use graphing calculators to enter their data and graph their scatterplots. They will also obtain the best fit equation for the data. They are expected to graph scatterplots by hand. Have the students use a common scaling for the graphs so that the cities can be compared visually. Use the data to find the amplitude, period, phase shift, and vertical shift. Finally, they will write sine or cosine equations modeling their data. (While close, the equations are usually not the same as the ones the calculator has given them.) They then use the two equations found to give the amount of daylight for a particular day of the year and to compare their answers with the amounts given by the website. 

Hand out the Finding Daylight BLMs. Assign each group one of the groups of cities. Each member of the group should have a different city. Be sure that the groups understand how to use the tables to find the amount of daylight. 

Each of the cities will have different answers. In general, the farther north the city the more the amount of daylight will vary. Have the students show their calculator work. Both equations entered should do a very good job of covering the data points. The prediction of daylight for their cities should be very close to the amount of daylight found on the website. Have each student report his/her results to the class.

Activity 40: Adding the Sine and Cosine Functions to the Library of Functions (GLEs: 4, 6, 8, 12, 13, 25, 28)   
Materials List: Library of Functions – The Sine Function and The Cosine Function BLM, folder, paper, pencil

Each of the functions studied in this course will have an entry in the Library of Functions. The purpose of this ongoing activity is to prepare a portfolio of functions. It is important that a student have a visual picture of the function, its important characteristics, and what role it might play in real life. The sine and cosine functions should be completed in this unit.  The student should begin with the parent functions: f(x) = sin x and f(x) = cos x.  In general,the following characteristics should be covered:

· domain and range

· local and global characteristics such as symmetry, continuity, whether the function has local maxima and minima with increasing/decreasing intervals or is a  strictly increasing or strictly decreasing  function with existence of an inverse, end-behavior, and periodicity. 

· discuss the common characteristics as well as the differences of the two functions 

· examples of translation, reflection, and dilation in the coordinate plane

· a real-life example of how the function family can be used showing the 4 representations of a function along with a table of select values

· describing  the amplitude, period, phase shift, and change in the sinusoidal axis in the example

Hand out the Library of Functions – Sine Function and Cosine Function BLM to each student. This should be completed and added to their Library of Functions Portfolio.    
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* If you suggest an activity substitution, please attach a copy of the activity narrative formatted like the activities in the APCC (i.e. GLEs, guiding questions, etc.).







Assessment





Students should turn in the pages they have completed for the Library of Functions on the sine and cosine functions. 


Scoring rubric should include the following


Thorough coverage of the material.


The material presented is accurate.


The work is neat and organized.  Descriptions are given in sentences.


The graphs are labeled, drawn to scale and are correct.








Assessment


Students should demonstrate proficiency with questions such as the following:


1.  An arc with length 2.6 radians is measured from the end-point (1, 0) to P(x, y).  Find the x- and y-coordinates.  


2.  An arc has endpoints (1, 0) and � EMBED Equation  ���.  What is the length of the arc?








Assessment


 Students should demonstrate proficiency in finding exact values of angles in both radians and degrees, in drawing angles in standard position, and in finding coterminal angles. 
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