Advanced Math – Unit 6 


Comprehensive Curriculum

Concept Correlation

Unit 6:  Additional Topics in Trigonometry

Time Frame:  Regular – 4.5 weeks

           Block – 2.5 weeks

	Big Picture: (Taken from Unit Description and Student Understanding)
· The graphs of the remaining four trigonometric functions are also considered.
· The inverse trigonometric relations and functions are evaluated for principal values and for all angle measures.

· Evaluate a composition that involves trigonometric functions

· Basic trigonometric identities are introduced and used to evaluate trigonometric functions, simplify trigonometric expressions, and solve trigonometric equations.
· The polar coordinate system is introduced and studied including polar and complex numbers and their graphs.

	Guiding Questions
	Activities

The essential activities are denoted by an asterisk.
	GLEs
	DOCUMENTATION                       

Documented GLEs

GLES 

Bloom’s Level

GLES

Date and Method of Assessment

Read, write, and perform basic operations on complex numbers (N-1-H) (N-5-H) (Comprehension/Analysis)
1

Translate and show the relationships among non-linear graphs, related tables of values, and algebraic symbolic representations (A-1-H)(Comprehension)
4

Analyze functions based on zeros, asymptotes, and local and global characteristics for the function (A-3-H) (Application/Analysis/Synthesis)
6

Reflections


	Concept 1:  Graphing, Inverses, Identities, and Trig Equations

51. Can students identify the other four trigonometric functions, define them according to the unit circle, and sketch their graphs?

52. Can students write a trigonometric equation in the form of an inverse relation? 

53. Can students find the values of the inverses of the trigonometric functions?

54. Can students find the principal values of inverse trigonometric functions?

55. Can students evaluate the compositions of trigonometric functions?  
	*41 – The Graphs of the Four Remaining Functions (GQ 51)
	4, 28
	

	
	*42 – Inverse Trigonometric Functions (GQ 53,54,55)
	4, 6, 8, 12, 13
	

	
	*43 – Solving Trigonometric Equations Over Several Periods (GQ 52)
	4, 6, 11, 25
	

	
	44 – Simplifying and Verifying Identities 
	6, 25
	

	
	*45 – Using the Fundamental Identities to Solve Trigonometric Equations (GQ 56,57)
	6, 11, 25
	

	
	*46– Properties and Formulas for Trigonometric Functions (GQ 56)
	4, 12, 25
	

	
	*47- Playing Mr. Professor
	4,6,8,11,12,13
	

	56. Can students use the sum and difference identities and the double angle identities?

57.   Can students use the identities to solve trigonometric equations
	
	
	

	Concept 2:  Polar Coordinates and Complex Numbers

58. Can students graph polar coordinates and simple polar equations?

59. Can students change rectangular coordinates to polar coordinates and vice versa?

60. Can students graph a complex number and find its absolute value?

61. Can students write a complex number in polar form?

62. Can students multiply and divide complex numbers written in polar form?


	*48 – Polar Representation of a Complex Number (GQ 59,60,61,62)

	1, 12, 16
	

	
	49 – Classical Curves (GQ 58)

50 – The Graphs of Polar Functions (GQ 58)
	4, 16, 25

4, 16, 25
	


Unit 6 –  Concept 1:  Trigonometry: Graphing, Inverses, Identities, and           Equations
GLEs

*Bolded GLEs are assessed in this unit

	4
	Translate and show the relationships among non-linear graphs, related tables of values, and algebraic symbolic representations (A-1-H)(Comprehension)

	6
	Analyze functions based on zeros, asymptotes, and local and global characteristics for the function (A-3-H) (Application/Analysis/Synthesis)

	8
	Categorize non-linear graphs and their equations as quadratic, cubic, exponential, logarithmic, step function, rational, trigonometric, or absolute value (A-3-H) (P-5-H) (Synthesis)

	11
	Calculate angles measures in degrees, minutes, and seconds (M-1-H)(Application)

	12
	Explain the unit circle basis for radian measure and show its relationship to degree measure of angles. (M-1-H)(Comprehension)

	13
	Identify and apply the unit circle definition to trigonometric functions and use this definition to solve real-life problems  (M-4-H)(Application/Comprehension)

	24
	Model a given set of real-life data with a non-linear function (P-1-H) (P-5-H) (Synthesis)

	25
	Apply the concept of a function and function notation to represent and evaluate functions (P-1-H) (P-5-H) (Application/Analysis/Synthesis))

	28
	Represent and solve problems involving the translation of functions in the coordinate plane (P-4-H) (Synthesis)


	Purpose/Guiding Questions:

· Identify the other four trig functions, define them according to the unit circle, and sketch their graphs

· Write a trig equation in the form of an inverse relation

· Find the values of the inverses of the trig functions

· Find the principal values of inverse trig functions

· Evaluate the compositions of trig functions

· Use trigonometric identities to evaluate trig functions

· Use trigonometric identities to simplify trig expressions

· Use trigonometric identities to solve trig equations


	Key Concepts and Vocabulary:
· Inverse trig relations and functions

· Principal Values of inverse trig functions

· Co-functions

· Even/Odd identities

· Sum & Difference identities

· Double Angle identities




	Assessment Ideas:

· A writing assessment should be assigned for the unit. A good writing assessment for this unit is to have a student explain how to solve a trig equation algebraically.  “Your neighbor was absent from school when your class learned how to solve 3sinx - 2cos2x = 0 over 0 ≤ x < 360. Explain to her how this problem is to be solved.”

· Review of previously learned concepts should be ongoing throughout the unit.  One of the favorite methods is a weekly “spiral”, a handout of 10 or so problems covering work previously taught in the course. Tie them to the study guide for a unit test or a midterm exam.  There should be at least three spirals for this unit. The Spiral BLM gives students more practice in using the fundamental identities to simplify a trigonometric expression. Another spiral (Used after Concept 2) should cover the algebra of complex numbers learned in Algebra II since this is a prerequisite for the polar form of complex numbers.  The third spiral should look again at the material in Units 1, 2, and 3.  
Students will demonstrate proficiency in working with equations, identities and the formulas without benefit of calculator.
· Weekly spirals reviewing previously learned concepts

· Teacher made assessment including constructed response

· Teacher made assessment including questions which look for understanding in terms or concepts with verbs such as show, describe, justify, or compare and contrast.

· Teacher made assessment including application of concepts to real life situations

Activity-Specific Assessments:    Activities 42, 45



	Resources:

·  Glencoe 6.7, 6.8, 7.2-7.5

	Materials Needed:

· Graphing calculator, graph paper


Instructional Activities

Note:  The essential activities are denoted by an asterisk and are key to the development of student understandings of each concept.  Any activities that are substituted for essential activities must cover the same GLEs to the same Bloom's level.
This unit continues the study of the trigonometric functions. The four remaining trigonometric functions are introduced. Students are encouraged to tie those functions to the sine and cosine functions and graph them using translations and dilations. The fundamental identities are revisited. A sample spiral asks students to reduce expressions to a single trigonometric function.  Inverse functions, the sum and difference formulas and the double angle formulas are introduced. Students learn to graph complex numbers, write them in polar form, then multiply and divide them. The unit ends with the graphs of polar functions. 

Ongoing: Glossary notebook 

 Materials List: index cards 3 x 5 or 5 x 7, What Do You Know about These Topics in Trigonometry? BLM, pencil

Students continue the two methods used to help them understand the vocabulary for this course. As was done in the previous units begin by having each student complete a self-assessment of his/her knowledge of the terms for this unit using the modified vocabulary self awareness chart (view literacy strategy descriptions), What Do You Know about These Topics in Trigonometry? BLM. Students should continue to make use of a modified form of vocabulary cards (view literacy strategy descriptions). Add new cards for the following terms as they are encountered in the unit: inverse sine function, inverse cosine function, inverse tangent function, co-functions, even/odd identities, sum and difference identities, double angle identities, polar coordinate system, pole, polar axis, polar coordinates

 *Activity 41: The Graphs of the Four Remaining Functions (GLEs: 4, 28) 

Materials List: Graphs of the Four Remaining Functions BLM, graph paper, pencil, ruler

Students have already been introduced to the trigonometric functions y = tan x, y = cot x, y=sec x and y = csc x in Units 4 and 5. They were defined with the reciprocal, quotient, and Pythagorean identities in Unit 4 and in Activities 3 and 5 in Unit 5. In this activity, students look at the graphs of the tangent, cotangent, secant, and cosecant functions.  Problems will have students graph the functions using translations and dilations.

Students should be aware that while the sine and cosine functions are continuous, the remaining four are not.  They should understand the asymptotic behavior of each of the remaining four. Use the five points: the maximum, minimum, and intercepts to graph.

For y = csc x: For each of the x- intercepts of y = sin x, csc x is undefined. This will result in a vertical asymptote at each of the points. Notice that the vertical asymptotes occur at the beginning, middle, and end of the period.          
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For y = sec x: For each of the x- intercepts of y = cos x, sec x is undefined. This will result in a vertical asymptote at each of those points. Note this occurs at
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*Activity 12: Inverse Trigonometric Functions (CC Unit 6 Activity 2)  (GLEs: 4, 6, 8, 12, 13) 

Students will begin work on the inverse sine, cosine, and tangent functions.  Students should consider

· domain and range

· local and global characteristics such as continuity or lack thereof, local maxima and minima, increasing/decreasing intervals, and zeros

This addition should also include graphs of the functions with the principal values marked on each of the graphs.
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Be sure that students understand that the vertical lines that appear on the calculator graphs of the secant, cosecant, tangent and cotangent functions are the “place holders” for the vertical asymptotes. When students replicate the graph the vertical asymptotes should appear as dotted lines to show that they are merely guidelines. Note that neither the secant nor cosecant function has an amplitude since neither are bounded functions. However, the value a in y = acsc x or y = asec x will affect the function since it will change the value of the maximum or minimum point. 

Example: Sketch the graph of y = 2sec (2x – 4) over two periods. Find the period and the phase shift. List the asymptotes. Find the location of the maximum and minimum points and their value.

The period is π. 
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The phase shift is 2 units to the right. 

The vertical asymptotes will be found at x = 2 + ¼ π and 2 + ¾ π.  The value 2 in the equation y = 2sec (2x – 4) will change the value of the maximum and minimum. The minimum value is 2 and the maximum value is -2. The minimum points are located at 
x = 2, 2 + π. and the maximum points are located at
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Encourage the students to use their knowledge of the sine and cosine functions, their x-intercepts, and the maximum and minimum points to help graph the other four trigonometric functions. Hand out the Graphs of the Four Remaining Functions BLMs. Let the students work in their groups. Remind them that the axes are labeled and scaled properly. Vertical asymptotes should be dotted lines using rulers with the graphs carefully drawn. 

Activity 42: The Inverse Trigonometric Functions (GLEs: 4, 6, 8, 12, 13) 
Materials List: Working with Inverse Trigonometric Functions BLM, calculator, pencil

Vocabulary to be added: inverse sine function, 
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, inverse cosine function, 
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, inverse tangent function, 
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The sine and cosine functions are periodic functions meaning they repeat their values every 2π units. It is this attribute that prevents the sine and cosine, in fact all of the trigonometric functions, from having an inverse that is also a function. Suppose sin x = .556. We need to know the value of x. There are two answers in the fundamental period of sine and an infinite number over the domain of sine. Real life applications usually require a unique answer. Therefore, it is necessary to restrict the domain with sine (in fact with all of the trigonometric functions) so that the domain and range values are paired in a one-to-one manner.  

A good example is a calculator. Given the equation sin x = ½, what value should the calculator display for x? Have the students set their calculators to degrees and work each of the following:

1) sin x = ½                 2) sin x = -½ 

3. cos x = ½                 4) cos x = -½

5) tan x = 1                  6) tan x = -1

What is the value of x for each one?    
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Present the following table:

	Function
	Domain
	Principal Values

	y = sin-1x
x = sin y
	-1 ≤ x ≤1
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-90o ≤ sin-1 x≤ 90 o

	y = cos-1x
x = cos y
	-1 ≤ x ≤1
	0 ≤  cos-1 x ≤ π

0 o ≤ cos-1 x ≤180 o



	y = tan-1x
x = tan y
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-90o  ≤ tan-1x ≤ 90o

	y = cot-1x
x = cot y
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	y = sec-1x
x = sec y
	x ≤ -1 or x ≥ 1 


	0 ≤ sec-1x ≤ π,  sec-1x ≠ 
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	y = csc-1x
x = csc y
	x ≤ -1 or x ≥ 1 


	-
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The notation for the principal value of an inverse trigonometric function is either Sin-1 or Arcsin. This unit uses the Sin-1 notation. Remind students that this does not refer to the reciprocal of the function. 

Use the graphing calculator to introduce the graphs of each of the inverse functions in the table on the previous page. Use the trace feature to show that the domains of y = sin-1x, 

y = cos-1x, y = sec-1x, and y = csc-1x are restricted. 

Below are some examples of problems students will encounter on the Working With Inverse Trigonometric Functions BLM. 

Example 1:  Evaluate. Give the exact answer in radians: Sin-1
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Solution:

Sin-1
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. This is a unit circle value. The domain of the Principal value is
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Example 2: Find the exact value of 
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Let 
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.  Set up a right triangle with the side adjacent to 
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 equal to 3 and the hypotenuse equal to 5. Use the Pythagorean Theorem to find the side opposite. Then 
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Example 3: Find cos (Sin-1x). Follow the same procedure as shown in example 2.

Let 
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Set up a right triangle with the side opposite to 
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 equal to x and the hypotenuse equal to l. Use the Pythagorean Theorem to find the side adjacent. Then cos (Sin-1x) = cos 
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. Therefore cos (Sin-1x) =
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. Have students use their calculators to graph cos (Sin-1x) and 
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on the same screen to verify that the two are equal.

Hand out the Working with Inverse Trigonometric Functions BLMs. Each student should work individually. Put students into groups to check their answers.  
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Activity 43: Solving Trigonometric Equations Over Several Periods

(GLEs: 4, 6, 11, 25)  

Materials List: Solving Trigonometric Equations BLM, paper, pencil, graph paper, graphing calculator

This activity is designed to give students practice in solving trigonometric equations both algebraically and graphically. Connect solving equations to finding the zeros of functions by reminding them that another way of saying “solve 
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” is to ask them to find the zeros of f(x) = 3cos(2x) - 2 in the interval [0, 360o). This activity will emphasize the multiple answers obtained due to the periodic nature of the function. Prior to the activity you might want to have students solve problems such as cos x = 0.56 for 
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illustrating the answer with a graph.  Each problem should be worked as follows:

Example 1:    
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Example 2:

     Solve 2sin2x – sin x -1 = 0 for 
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Hand out the Solving Trigonometric Equations BLMs. Remind the students that the algebraic solution requires that work must be shown. Bald answers (giving answers only) are not acceptable. Let the students work in their groups.

Activity 44:  Simplifying and Verifying Identities (Teacher-made Activity)(GLEs: 6, 25)

Introduce students to the reciprocal, quotient, and Pythagorean identities, and have them work toward becoming proficient in simplifying and verifying trig identities.

Activity 45: Using the Fundamental Identities to Solve Trigonometric Equations (GLEs:  6, 11, 25)  
Materials List: Using the Fundamental Identities to Solve Trigonometric Equations BLM, pencil, paper, graphing calculators 

Students were introduced to the fundamental identities in Unit 4, Activity 1. They used the identities to evaluate a function, simplify a trigonometric expression, and verify identities. The spiral for this unit will review those identities. Be sure that students have completed it prior to working this set of problems. Students should solve each equation algebraically using the identities and verify their answers graphically.

Example 1: Solve 2sin2x = 1 + cos x for 0 ≤ x < 360o
a)  Set the equation equal to zero  2sin2x - 1 - cos x = 0

b) Replace sin2x with 1 - cos2x      2(1 - cos2x) – 1 – cos x = 0

c) Solve f(x) = 0 for 0o≤ x < 360o
    -2 cos2x – cos x +1= 0

d) Multiply through by -1 and factor.

      2 cos2x + cos x -1= 0

    (2cos x – 1)(cos x + 1) = 0

       cos x = ½ or cos x = -1

        x = 30 o, 150 o, 180 o
The graph of Y1: 2sin2x and Y2: 1 + cos x showing the solution of 180o
[image: image41.png]Intersection
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Hand out Using the Fundamental Identities to Solve Trigonometric Equations BLM. Students should work in their groups to solve each of the problems.
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Activity 46: Properties and Formulas for the Trigonometric Functions (GLEs: 4, 12, 25)  
Materials List: Working with the Properties and Formulas for the Trigonometric Functions BLM, pencil, calculator

In this activity students are introduced to the composite argument properties involving 

(A + B) and (A – B), the odd-even properties, the co-function properties, and the double angle properties for sine, cosine, and tangent. Go over each of the following with the class.

The Odd-Even Properties
sin (-x) = -sin x    (odd function)

cos (-x) = cos x    (even function)

tan (-x) = -tan x    (odd function)

The Cofunction Properties: Functions of (90o -
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· The cosine of an angle equals the sine of the complement of that angle.

· The cotangent of an angle equals the tangent of the complement of that angle.

· The cosecant of an angle equals the secant of the complement of that angle.

Sum and Difference Formulas    
cos (A + B) = cos A cos B – sin A sin B
cos (A - B) = cos A cos B + sin A sin B
sin (A + B) = sin A cos B + cos A sin B
sin (A - B) = sin A cos B – cos A sin B
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Double Angle Formulas   
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The odd and even function properties could also be introduced when studying the graphs of the trigonometric functions. Tie the co-function properties to the right triangle ratios. 

Example 1:  Solve over 0 ≤ x < 2π, 
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Use the double angle identity for sine.
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The period of sin 2x is π. Therefore, there are two more values in 0 ≤ x < 2π.

The other two solutions are 
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Example 2: Solve 
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 The period of cos 4x is 
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. There are six more answers: 
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Hand out Working with the Properties and Formulas for the Trigonometric Functions BLM. Let the students work with partners or with their groups on this set of problems.

Remind them to give exact answers where possible in solving the equations in #2. (Only (2a) and (2b) do not have exact answers.)   

Activity 47: Playing Mr. Professor (GLEs: 4, 6, 8, 11, 12, 13)

Materials List: pencil, paper, chalk board, transparencies, or chart paper, calculator, Answers to Problem Set for Playing Mr. Professor BLM 

In this activity, students will gain some additional practice in graphing the trigonometric functions. They will use the sum and difference and the double angle formulas, workwith the inverse functions, and apply the odd-even and co-function properties.  They will become experts using the game Mr. Professor. 

Introduce the professor know(it(all strategy (view literacy strategy descriptions). Divide the students into groups. Explain to the students that each group will be called upon to become a team of math prodigies. They will have a chance to demonstrate their expertise in Part I: graphing, Part II: solving equations, Part III: using the identities and formulas to simplify expressions, and Part IV: finding exact values using inverse trigonometric functions, by answering the questions posed by the rest of the class. The other students may challenge any of the answers given. The team may confer on each question but each member of the group should have a chance to explain. There are 15 problems, more than can be covered in one period. Choose those that will provide students additional needed work. An example problem should be used to remind students how the group should respond to their peers’ questions. Answers to the problem set for Playing Mr. Professor BLM has been provided.  The questions should cover the points below.

· For the graphs       

· the graph of the parent function, its period, x- and y-intercepts, location of  asymptotes, and the location and value of the maximum and minimum

· the period of the function

· the phase shift

· the location of asymptotes

· the maximum and minimum values and their locations

· the x-and y-intercepts

Once all questions have been answered, the team should sketch the graph with the given information. Students may then check by graphing the function using calculators. 

· Problems for the graphing portion of the game

1. 
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· Questions for solving equations   

· What functions are in the equation?

· What identities or properties can be used to yield an equivalent equation involving only one function?

· What operations must be used to solve the equation?

· Does the graphical solution agree with the algebraic solution?

· Problems for solving equations. Solve over 0 ≤ x < 360o.  
1. 
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· Questions for simplifying an expression into a single trigonometric function. 

· What functions should be replaced?

· What identity should be used?

· What operations can be used?

· Problems for simplifying expressions    

1. 
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· Questions for finding exact values using inverse trigonometric functions

Each of the problems involves either the sum, difference, or the double angle

 formulas.

· What right triangles must be drawn?

· Which quadrant is the right triangle drawn?

· Which formula should be used?

· Why is it necessary to use the principal values for the inverse functions?

· Problems to be used  

Find the exact values for each of the following:

1. 
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    Unit 6 –  Concept 2:  Polar Coordinates and Complex Numbers

 GLEs

*Bolded GLEs are assessed in this unit

	1
	Read, write, and perform basic operations on complex numbers (N-1-H) (N-5-H) (Comprehension/Analysis)

	4
	Translate and show the relationship among the non-linear graphs, related tables of values, and algebraic symbolic representations (A-1-H) (Comprehension)

	12
	Explain the unit circle basis for radian measure and show its relationship to degree measure of angles. (M-1-H) (Comprehension)

	16
	Represent translations, reflections, rotations, and dilations of plane figures using sketches, coordinates, vectors, and matrices (G-3-H) (Application)

	25
	Apply the concept of a function and function notation to represent and evaluate 

Functions (P-1-H)(P-5-H) (Application/Analysis/Synthesis)


	Purpose/Guiding Questions:

· Graph polar coordinates and simple polar equations

· Change rectangular coordinates to polar coordinates and vice versa

· Graph a complex number and find its absolute value

· Write a complex number in polar form

· Multiply and divide complex numbers written in polar form
	Key Concepts and Vocabulary:

· Polar coordinate system, pole, polar axis, polar coordinates

· Complex numbers

	Assessment Ideas:

· BLM- 2nd Spiral
· Weekly  spirals reviewing previously learned concepts

· Teacher made assessment including constructed response

· Teacher made assessment including questions which look for understanding in terms or concepts with verbs such as show, describe, justify, or compare and contrast.

· Teacher made assessment including application of concepts to real life situations

Activity-Specific Assessment:  Activity 48



	Resources:

· Glencoe  9.1, 9.2, 9.3, 9.5, 9.6, 9.7


	Materials Needed:

· Scientific/Graphing Calculator


Instructional Activities

Note:  The essential activities are denoted by an asterisk and are key to the development of student understandings of each concept.  Any activities that are substituted for essential activities must cover the same GLEs to the same Bloom's level.
*Activity 48: Polar Representation of a Complex Number 

(GLEs:  1, 12, 16) 

Materials List: Polar Representation of Complex Numbers BLM, graph paper, pencil

Vocabulary to cover: polar coordinate system

Students have had an introduction to complex numbers in Unit 4 of the Algebra II course but will probably need to review operations with complex numbers. Specifically cover

· the definition of a complex number (Stress to the students that the i denotes the imaginary part of the number and is not included as part of the number.) 
· the complex conjugate of a + bi is a - bi
· the operations of addition, subtraction, multiplication, and division

Since complex numbers are ordered pairs of real numbers, it is possible to represent them graphically by points in a Cartesian Coordinate System called a complex plane. In the complex plane, the horizontal axis represents the real part of the complex number a + bi and the vertical axis is the imaginary part.  The number can be represented as a point in the plane or as an arrow from the origin to the point.  The length of the arrow is
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. It is called the absolute value of a complex number. Students should see the connection between graphing a complex number and working with vectors. 

To work effectively with the powers and roots of complex numbers, it is helpful to write them in polar form. Use the diagram below to illustrate the definition of the polar form of a complex number: 

· 
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where r is the magnitude of z and 
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 is called the argument of z (either in degrees or radians). 
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The expression 
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where c comes from cosine, i from the unit imaginary number, and s from sine. With this information it is possible to transform complex numbers in Cartesian form into polar form using the following formulas:

r = 
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Example: Transform the complex number z = 3 – 4i to polar form. 
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Cover the following properties with the students:

· Product of Two Complex Numbers in Polar Form: 
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· Reciprocal of a Complex Number in Polar Form:
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· Quotient of Two Complex Numbers in Polar Form: 
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Hand out the Polar Representation of Complex Numbers BLMs. Students should work individually on the handout then check their answers with their groups
 
[image: image85.wmf]
 
[image: image86.wmf] 

[image: image148.png]



*Activity 49:  Classical Curves (Teacher-Made Activity)  (GLEs:  4, 16, 25)

Most advanced math textbooks have a section on graphs of polar functions.  Usually they are limited to finding tables of values for the various equations and hand plotting using polar graph paper.  Students learn the names of some of the graphs of the more famous polar functions.  Before having students complete the following discovery activity, ensure that they are familiar with the basic classical curves such as rose, cardioid, limacon, lemniscate, and a spiral.

(Student Handout on the following page)

DISCOVERY

Classical Curves

For this activity, change the mode of the graphing calculator into “POL” (polar) mode and “RAD” (radian) mode and use the following window:

WINDOW
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In each section, answer the following questions using the graphing calculator and the information provided.

1.  Identify the classical curve the functions represent:


r = a cos n
[image: image90.wmf]q



r = a sin n
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Graph each function separately on the graphing calculator:


r = 2 sin (2
[image: image92.wmf]q

)
r = 3 sin (2
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)

r = 4 sin (2
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)

r = 5 sin (2
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)

2.  What effect does changing the value “a” have on the graph?

Graph each function separately on the graphing calculator:


r = 3 cos (2
[image: image96.wmf]q

)

r = 3 cos (4
[image: image97.wmf]q

)

r = 3 cos (6
[image: image98.wmf]q

)

3.  If n is an even number, how many petals will the rose have?

Graph each function separately on the graphing calculator:


r = 3 cos (3
[image: image99.wmf]q

)


r = 3 cos (5
[image: image100.wmf]q

)


r = 3 cos (7
[image: image101.wmf]q

)

4.  If n is an odd number, how many petals will the rose have?

1. Write an equation using the given information:

a) a rose with 16 petals, each 2 units long

b) a rose with 9 petals, each 5 units long

2. What is the difference between the graphs of r = a cos n
[image: image102.wmf]q

 and r = a sin n
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?

7.  Identify the classical curve the functions represent.


r = a + a cos 
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r = a + a sin 
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Graph each function separately on the graphing calculator:


r = 1 + 1 cos 
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r = 2 + 2 cos 
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r = 3 + 3 cos 
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8. What effect does changing the value of a have on the graph?

Graph each function separately on the graphing calculator.


r = 2 + 2 cos
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r = 2 – 2 cos
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r = 3 + 3 cos
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r = 3 – 3 cos
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9. What effect does changing the operation have on the graph?

10. Write an equation using the given information:

a) a cardioid with the indention on the left side of the shape and the largest width off the x-axis is 4 units.

b) a cardioid with the idention on the top of the shape and the largest width off the y-axis is 5 units.
11.  Identify the classical curve the functions represent:
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Graph each function separately on the graphing calculator.
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12.  What effect does changing the value of a have on the graph?

13.  Write an equation using the given information:


a)  a lemniscate with 2 petals with length of 4 units

14.  Identify the classical curve the functions represent:


r = a + b cos 
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r = a + b sin 
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Graph each function separately on the graphing calculator.

a)  r = 1 + 2 cos
[image: image123.wmf]q




b)  r = 2 + 1 cos
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     r = 2 + 3 cos
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     r = 3 + 2 cos
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     r = 1 + 3 cos
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     r = 3 + 1 cos 
[image: image128.wmf]q


15.What effect does a being larger than b have on the graph?

16. What effect does a being smaller than b have on the graph?

Graph the six functions above separately on the graphing calculator changing all of the signs to subtraction.

17.What effect does this have on the graph?

18. Write an equation of a limacon with a loop on the right side of the shape.

Classical Curves
Practice

Match each equation with a description on the right.

1.  r = 3 + 3 sin (



a.  Limacon with an extra loop

2.  r = 3 cos 2(



b.  Limacon with no extra loop

3.  r = 2




c.  Cardioid

4.  r
[image: image129.wmf]2

= 9 cos 2(



d.  Rose

5.  r = 2 – 4 cos (



e.  Circle

6.  r = 3 + 2 sin (



f.  Lemniscate

Write an equation that would generate each of the following graphs.

7. a rose with 8 petals each 3 units long

8. a cardioid with the indention to the left of the shape

9. a lemniscate on the x-axis each 3 units long

10. a limacon with a loop on the top of the shape

11. a limacon with no loop

12. a rose with 5 petals each 2 units long

Match each equation with a description on the right.

13. r = 2 + 2 sin (



a.  cardioid with an indention to the left

14. r
[image: image130.wmf]2

 = 5 cos 2( 



b.  cardioid with an indention on the bottom

15. r = 2 cos 2(



c.  lemniscate on the x-axis

16. r = 2 - 3 cos (



d.  lemniscate with a loop in the 1st quadrant


17. r
[image: image131.wmf]2
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e.  rose with 4 petals along the axes

18. r = 3 + 2 cos (



f.  rose with 4 petals, with one in the 1st quadrant

19. r = 2 + 2  cos (



g.  limacon with a loop on the right of the shape

20. r = 2 sin 2 (



h.  limacon with no loop

Use each equation to answer the questions.

r = a cos n(
21. What is the length of each petal in this rose?
____________________________________

22. Can you tell how many petals this rose has?  Why or why not?  _______________________

23. What does it tell you if “n” is an even number?  ____________________________________

24. What if “n” is odd?  __________________________________________________________

r
[image: image132.wmf]2

 = a
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sin 2(
25. Which classical curve does this equation represent?  ________________________________

26. What does the “a” represent?  __________________________________________________

27. Does this graph lie on the axes or in the quadrants?  Which axis or which quadrants?  ___________________________________________________________________________

28. Describe this graph.  _________________________________________________________

r = a + a sin (
29. Which classical curve does this equation represent?  ________________________________

30. What is unique about this type of graph?  _________________________________________

31. Describe this graph?  _________________________________________________________

r = a + b cos (
32. Which classical curve does this equation represent?  ________________________________

33. Describe the graph if a is less than b.  ____________________________________________

34. Describe the graph if a is greater than b.  _________________________________________

35. Just by looking at an equation, how can you tell if the graph will be a limacon or a cardioid?

36. Explain how you would graph a rose with 100 petals, none of which fall on an axis.

Activity 22:  The Graphs of Polar Functions  

(GLEs:  4, 16, 25) 

Materials List: The Graphs of Polar Functions BLM, graphing calculator, pencil

Vocabulary to cover: pole, polar axis, polar coordinates

Cover the polar coordinate system and the coordinate changes needed to go from polar to rectangular and from rectangular to polar. Students will need some practice in plotting polar coordinates as well as converting from one system to the other.

Most advanced math textbooks have a section on graphs of polar functions.  Usually they are limited to finding tables of values for the various equations and to hand-plotting using polar graph paper.  Students learn the names of some of the graphs of the more famous polar functions.  This activity will utilize a modified word grid (view literacy strategy descriptions) to give students a chance to study the makeup of one of those graphs whose equations are of the form f(θ) = asin(nθ) or f(θ) = acos(nθ) where n > 1 and n is an integer.  It is called a rose curve. Students will use the graphing calculators for this activity.  Have students go to MODE and set the graphing calculators to polar (pol).  

Remember that the range of sin (  is {y: -1 ≤ y ≤ 1} so the value of a in the two equations determines the size of the graph. To obtain an accurate picture the screen needs to be “square.” To begin, let a = 1, set the x and y values in the window to be [-1, 1], and then press ZOOM 5 to “square” the graph.  

Investigate

1) Symmetry-

· with respect to the polar axis (in the rectangular system, the horizontal axis)

· with respect to the pole (in the rectangular system, the origin (0, 0))

· with respect to the line 
[image: image134.wmf]2
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 (in the rectangular system, the vertical axis)

2) Zeros – When is r = 0? On the graph when does the graph return to the pole?

3) Domain –To begin we use [0, 2π]. What is the least interval of that domain that gives a complete graph?  

Students should investigate each of the rose curves filling out the grids with the information they obtain. To answer some of the questions it is helpful to either trace the graph or look at the table values.  Try setting the ΔTbl to 
[image: image135.wmf]24

p

 . This is the same as the θ step in the window. Students can scroll through the table to find the answers. By filling in the grids, students investigate each polar equation symbolically, numerically, and graphically. Students will give verbal descriptions of what is happening when answering the questions that follow the grid.  

Distribute The Graphs of Polar Functions BLMs. Have the students complete the grids working alone. Once all have finished, call on students to give the answers. Students should then complete the writing activity.  A discussion of what each has written should end the session. Allow time for students to quiz each other over the content of the modified word grids in preparation for tests and other class assignments.

Students enjoy creating designs using the various rose curves.  If you have the equipment to download the picture from the graphing calculator to a computer, students can then make a permanent copy.  The designs can also be put into a class PowerPoint presentation.
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2π�
0�
undefined�
�






z=a+bi





Assessment


The student will demonstrate proficiency in solving equations graphically and algebraically.





real





Assessment


The student will demonstrate proficiency in moving between the rectangular coordinate system and the polar coordinate system.  He/she will name more than one set of coordinates for a point in the polar coordinate system.








�





   � EMBED Equation  ���


x�
cos x�
sec x�
�
0�
1�
1�
�
� EMBED Equation  ����
0�
undefined�
�
π�
-1�
-1�
�
� EMBED Equation  ����
0�
undefined�
�
2π�
1�
1�
�






For y = tan x: � EMBED Equation  ���


The period of the tangent function is π units. 


There are vertical asymptotes where cos x = 0.


Beginning at � EMBED Equation  ���, the asymptotes occur every π units.


There is no amplitude since the graph is unbounded. The value a causes a vertical dilation.





For y = cot x:  � EMBED Equation  ���


The period of the cotangent function is π units. 


There are vertical asymptotes where sin x = 0. 


Beginning at the origin, the  asymptotes occur every π units.


The asymptotes of the graph of y = tan x are the x-intercepts of the graph of y = cot x.


The graphs of y = tan x and y = cot x have the same x-values for y-values of 1.


The value a in y = acot x will cause a vertical dilation.








For y = cot x:  � EMBED Equation  ���


The period of the cotangent function is π units. 


There are vertical asymptotes where sin x = 0. 


Beginning at the origin, the  asymptotes occur every π units.


The asymptotes of the graph of y = tan x are the x-intercepts of the graph of y = cot x.


The graphs of y = tan x and y = cot x have the same x-values for y-values of 1.








Assessment





Students should demonstrate proficiency in working with the domain and principal values of the inverse trigonometric functions.





Solve graphically:


y1: cos2x


y2: 2/3


Set the window [ 0, 360] by [-2, 2]


�


Use the CALC  5:intersect feature of the graphing calculator to obtain the 4 values.  





Solve � EMBED Equation.3  ���for � EMBED Equation.3  ���


a) Solve algebraically:


� EMBED Equation  ���


The period for cos2x is180o, so there are 4 answers 24.1o, 155.9o, and 24.1+ 180 or 204.1o and 155.9 + 180 or 335.9o





Solve graphically:


�


Use Calc 2:zero to find each of the x-intercepts.





(a) Solve algebraically:                                  


      (2sin x +1)(sin x - 1) = 0


     2sin x + 1 = 0 or sin x - 1 = 0


      sin x = -½       or sin x = 1


      x = 210o, 330 o, 90 o





imaginary





      r


      


� EMBED Equation  ���





� EMBED Equation  ���





� EMBED Equation  ���





� EMBED Equation  ��� is drawn counterclockwise from the positive real axis.





3





-4
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